We present results on the relative realizability of infinite families of lines on general smooth tropical cubic surfaces. Inspired by the problem of relative realizability of lines on surfaces, we investigate the information we can derive tropically from the Brundu-Logar normal form of smooth cubic surfaces. In particular, we prove that for a residue field of characteristic = 2 the tropicalization of the Brundu-Logar normal form is not smooth. We also take first steps in investigating the behavior of the tropicalized lines.
Introduction
Since 1889 it is a well-known fact that every classical generic smooth cubic surface contains exactly 27 lines, [4] . With the rise of tropical geometry the question about an analogous result about tropical cubic surfaces was inevitable. In 2007 Vigeland proved in [18] that on generic smooth tropical cubic surfaces, there can be infinitely many tropical lines. Accordingly, the following questions arose: The question of the geometric behavior of the tropical lines and the problem of their relative realizability has been worked on for more than a decade and is not yet completely solved, [1, 2, 5, 8, 12, 15, 16, 18, 19] . With respect to the question of lifting multiplicities, there has been a recent new development: In [15] an octanomial model for cubic surfaces is presented, which satisfies that all 27 lines on a tropically smooth cubic in this form have distinct tropicalizations [15, Theorem 3.4] , i.e. all lifting multiplicities are one or zero. Also, the conjecture is posed that the 27 lines on a tropically smooth cubic surface have distinct tropicalizations [15, Conjecture 4.1] . Moreover, according to [15] , Kristin Shaw arXiv:1909.09391v1 [math.AG] 20 Sep 2019 has announced a proof that every tropically smooth family of complex surfaces contains 27 lines with distinct tropicalizations.
By tools introduced in [16, 19] it is possible to divide tropical lines into isolated lines and infinite families. On general smooth tropical cubics there can only occur two types of families, see Proposition 2.2, [8, 16] . The lifting behavior of one type of family over characteristic 0 has been investigated in [1, 2] . Our first main result, Theorem 2.6, is a generalization of this result to fields of arbitrary characteristics, obtained by complementary methods. Also, we present two trend-setting new examples, one for the second family type, see Example 4.1 and one on the unsolved case to Theorem 2.6, see Example 4.2.
Unfortunately, the computational expenditure to compute the 27 lines on a generic classical smooth surface is very high, impeding an easy access to examples of more complex lifts over arbitrary characteristic. The existence of a normal form of classical cubic surfaces which allows the direct computation of all 27 lines from the parameters of the cubic polynomial by simple formulas seems to present a new perspective to solving this problem. Therefore, we ask Question 1.3 (Question 26 1 ). How to compute the Brundu-Logar normal form in practise? What does it tell us tropically?
The first part of this question has been computationally answered for generic cubics over the p-adic fields by Avinash Kulkarni, [13] . As a smooth cubic is transformed in the Brundu-Logar normal form by projective linear transformations, this Question is closely related to Question 1.4 (Question 12 1 ). How can we decide if a given polynomial defines a smooth tropical surface after a linear transformation of P 3 K ?
Unfortunately, the Brundu-Logar normal form of a lift of any chosen smooth tropical cubic is itself no longer tropically smooth. More precisely, our second main result is the following Theorem:
Theorem (Theorem 3.5). If val(2) = 0, the tropicalization of any cubic in Brundu-Logar normal form is not tropically smooth.
However, we can still investigate the tropicalization of cubics in Brundu-Logar normal form and look into the behavior of the tropicalizations of the 27 lines. We will see in Section 3.3, that the statement of Theorem 3.4 from [15] This paper is organized as follows. In Section 2 we present results on the relative realizability of lines on tropical cubic surfaces. In Section 3 we study the tropical Brundu-Logar normal form and its tropicalized lines. Section 4 presents significant examples of realisable lines in tropical cubic surfaces, one of them obtained by transforming to the Brundu-Logar normal form.
Relative realizability of infinite families of lines
Let 3∆ 3 := conv((0, 0, 0), (3, 0, 0), (0, 3, 0), (0, 0, 3)). Denote the facets of 3∆ 3 with F i , F j , F k , F l . Using the concept of decorations introduced in [19] , we can classify lines on surfaces by their way of being contained in the surface: passing through vertices or edges. Decorations allow to distinguish isolated lines and infinite families of lines contained in the tropical surface. This concept was refined by the theory of motifs introduced in [16] , where also a thorough classification of all motifs of lines on general smooth surfaces of varied degree can be found, completing the started classification from [19] . The concept of generality used in this section is the one introduced by [19] . Definition 6] ). A motif of a tropical line L on a tropical surface X is a pair (G, R), where the primal motif G is a decoration of the underlying graph of L with a finite number of dots and vertical line segments. Every dot stands for a vertex of X contained in that cell of L corresponding to the decorated edge or vertex of the graph, while a vertical line segment stands for an edge of X that L intersects in its relative interior with the cell whose corresponding part in the graph is decorated. The dual motif R is the subcomplex in the dual subdivision of X dual to the union of all cells of X that L passes through: Remark 2.3. The dual motif to 3I is a unimodular tetrahedron, which has one edge in F i ∩ F j and at least a one dimensional intersection with both F k and F l . This is called a 4-exit tetrahedron. The property of relative realizability of families of motif 3I depends on how the dual motif, a 4exit tetrahedron, is contained in the subdivision of the Newton polytope 3∆ 3 of the cubic surface. For smooth cubic surfaces, there are two ways up to coordinate changes to include a 4-exit tetrahedron in 3∆ 3 .
Definition 2.4.
A family of lines (L a ) a≥0 on a smooth cubic surface is of type 3I-1, if it has motif 3I with the dual motif contained in 3∆ 3 in a position equivalent to {(0, 0, 0), (0, 0, 1), (2, 1, 0), (1, 0, 2)} up to coordinate changes, Figure 2a . It is of type 3I-2, if it is of motif 3I and the dual motif is contained in the 3∆ 3 in a position equivalent by coordinate changes to {(0, 0, 0), (0, 0, 1), (2, 1, 0), (1, 1, 1)}, Figure 2b . Proof. Theorem 7.2 in [2] states, that for an algebraic surface S over (C * ) 3 with Newton polytope a unimodular 4-exit tetrahedron, the tropical line star (0,0,0 (L l ) ⊂ S is approximable by a complex algebraic line L l ⊂ S if and only if l = 0 and the Newton polytope is of the form {(0, 0, 0), (0, 0, 1), (2, 1, 0), (1, 0, 2)}. We can assume the vertex of X contained in L to be (0, 0, 0) and apply this locally to star (0,0,0) (X).
Theorem 2.6 ([8, Theorems 4.1.9 and 4.1.16]). Let (K, val) be an algebraically closed field with valuation and let k be its residue field. Let X be a general smooth tropical cubic surface containing a family of lines (L a ) a>0 . If the family (L a ) a>0 is of type 3I-1 with char(k) = 2 or the family is of type 3I-2, then for any f ∈ K[x 0 , . . . , x 3 ] homogeneous with X = V(trop(f)) the family can not be realized as lines on V(f), i.e. the lifting multiplicity of any non-boundary member of the family is zero.
Proof. Since we consider out cubic f ∈ K[x 0 , . . . , x 3 ] homogeneous, we consider everything over R 4 /1R. W.l.o.g. we can assume that the monomials corresponding to the vertices of the dual motif of the family have coefficients of valuation 0, while the coefficients to all other monomials in f have strictly positive valuation. For a > 0 let I a ⊂ K[x 0 , ..., x 3 ] be a linear homogeneous ideal, such that trop(V(I a )) = L a . If the lines are realizable, we have 0 = in 0 (f) ∈ in 0 (I a ).
The initial ideal of I a in 0 is given as in 0 (I a ) = x 0 − x 1 + x 3 , x 1 + x 2 . This basis is a Gröbner basis with the lexicographic order to x 3 x 2 x 1 x 0 . If (L a ) a>0 has type 3I-1, we obtain σ := supp(in 0 (f)) = {x 3 0 , x 2 0 x 3 , x 1 x 2 3 , x 2 1 x 2 }. By Gröbner basis theory, we know that there exits a polynomial of support σ in in 0 (I a ) if and only if polynomial division with the Gröbner basis has remainder 0. The remainder of αx 3 0 + βx 2 0 x 3 + γx 1 x 2 3 + δx 2 1 x 2 by polynomial division is
If char(k) = 2, this polynomial is zero if and only if α = β = γ = δ = 0. For (L a ) a>0 of type 3I-2, supp(in 0 (f)) = {x 3 0 , x 2 0 x 3 , x 2 1 x 2 , x 1 x 2 x 3 }. The remainder of αx 3 0 + βx 2 0 x 3 + γx 2 1 x 2 + δx 1 x 2 x 3 by polynomial division is
This polynomial is zero if and only if α = β = γ = δ = 0.
Theorem 2.6 deals with the non-degenerate lines of motif 3I. We can use the same techniques to prove the following Theorem. Theorem 2.7. Let (K, val) be an algebraically closed field with valuation and let k be its residue field. Let X be a general smooth tropical cubic surface containing a family of lines of type 3I-2. The degenerate line of this family cannot be realized on any lift V(f) of X, f ∈ K[x 0 , . . . , x 3 ] homogeneous.
Proof. As before we consider everything over R 4 /1R and assume that the monomials corresponding to the vertices of the dual motif of the family, have coefficients of valuation 0, while all other coefficients in f have strictly positive valuation. Let L be the degenerate line of the family of type 3I-2 on X and let I ⊂ K[x 0 , ..., x 3 ] be a linear homogeneous ideal, such that trop(V(I)) = L. We use the same argument as in the proof of Theorem 2.6: If the line is realizable, it follows that 0 = in 0 (f) ∈ in 0 (I).
Computing a Gröbner basis of in 0 (I) and carrying out polynomial division of a polynomial αx 3 0 + βx 2 0 x 3 + γx 2 1 x 2 + δx 1 x 2 x 3 of support σ with the Gröbner basis, we obtain the remainder:
Remark 2.8. The same techniques do not reveal similar results for type 3I-2. Indeed the lifting behavior of the two types is quite different. Example 4.2 shows that an analogous statement to Theorem 2.7 for the degenerate lines of type 3I-1 over characteristic p is in general not true, suggesting an extension of the validity of Corollary 2.5.
Also recall, that for families of type 3I-1 in char(k) = 2 there is a nonzero solution for the coefficients α, β, γ, δ in the proof of Theorem 2.6. Example 4.2 shows a surface on which a non-boundary representative of a family of type 3I-1 lifts, giving rise to the following question. Question 2.9. For any member L of a family of type 3I-1 on a smooth tropical surface X, is there a lift of X defined over a field K with residue field k of char(k) = 2 containing a lift of L? Remark 2.10. It remains to investigate families of motif 3J. Similar to lines of type 3I-1, we can find a lift of a smooth tropical cubic surface defined over Q p , for p = 2 and p = 5 each, where a non-boundary member of the family of motif 3J is realizable. The details are shown in Example 4.1, Section 4. The arising Question is Question 2.11. For any member L of a family of motif 3J on a smooth tropical surface X, is there a lift of X over any algebraically closed field K containing a lift of L?
The Brundu-Logar normal form and its Tropicalization
The fact that the Plücker-coordinates of the lines on cubics in Brundu-Logar normal form are known explicitly, motivates our study of their tropicalizations. In this section let K be algebraically closed, char(K) = 0. 
The classical Brundu-Logar normal from
Definition 3.1. A homogeneous cubic polynomial F ∈ K[x 1 , ..., x 4 ] is in Brundu-Logar normal form if F = 2ax 2 1 x 2 + (b − g)x 2 1 x 3 + (−2a)x 1 x 2 2 + (d + g)x 1 x 2 x 3 + (a − c − d)x 1 x 2 3 + (b + g)x 1 x 2 x 4 + (−a − b − c)x 1 x 3 x 4 + (d − g)x 2 2 x 4 + (a + c − d)x 2 x 3 x 4 + (−a − b + c)x 2 x 2 4 , where (a, b, c, d, g) / ∈ Σ and Σ := V(σ) ⊂ P 4 is the hyperplane defined by σ := c(a + b − c)(2a + b − d)(a − c − d)(a + c + g)(a + c − g) (4ac − g 2 )(a 2 + ac − 2ad + ag + d 2 − dg) (a 2 + 2ab + ac − ag + b 2 − bg) (4a 2 + 3ab − 4ac − 3ad − bc − 2bd + bg + cd + dg) (4a 3 + 4a 2 b + 8a 2 c − 4a 2 d + ab 2 − 4abc − 2abd + 2abg + 4ac 2 + 4acd + ad 2 + 2adg + b 2 c + b 2 g + 2bcd − 2bcg + cd 2 − 2cdg − d 2 g).
Tropicalizing the Brundu-Logar normal form
Let P := (a, b, c, d, g) ∈ P 4 \ Σ and f P the cubic in Brundu-Logar normal from defined by P. We denote by S P the corresponding cubic surface. The tropicalization of f P in Brundu-Logar normal form is:
If all parameters of f P are not zero, the Newton polytope is given by Newt(f P ) = conv((0, 1, 0, 2), (1, 1, 0, 1), (1, 0, 1, 1), (0, 2, 0, 1), (0, 1, 1, 1),
Dehomogenized with respect to x 4 and embedded in the tetrahedron 3∆ 3 := conv((0, 0, 0), (3, 0, 0), (0, 3, 0), (0, 0, 3)) it is shown in Figure 3 . The weight vector induced by a cubic in Brundu-Logar normal form Proof. The idea is to make a case distinction of which combinations of the parameters in P = (a, b, c, d, g) ∈ P 4 \ Σ have minimal valuation. In every case, we obtain either that too many vertices have minimal valuation, that 4 vertices contained in a plane have minimal valuation or that the 4 vertices of minimal valuation form a tetrahedron of size larger that 1 6 . These arguments are valid independent of coordinates of P being zero and thus of the exact volume of Newt(f P ). In the proof we classify all possible cases. For each case we find obstructions to unimodular triangulations. For brevity, we abstain from listing all the cases, rather we show the concept by an exemplary case: Let val(a) = val(c) < val(b), val(d), val(g). For the numeration of the vertices see Table 1 . Since we can only have cancellations in either a + c or a − c, at least one of val(−a − b + c) and val(−a − b − c) has value val(a), similar with val(a − d + c) and val(a − d − c). If a and c have no cancellation, we obtain that the six vertices 0 2 4 5 7 9 have the same minimal valuation. But a subdivision of a polytope in R 3 can only be unimodular if a maximum of 4 vertices has minimal valuation. We need to have Cancellations:
It follows that val(a) = val(c) = val(a + c). Therefore, the vertices with numbers 2 4 5 7 have same minimal valuation. However, these 4 vertices are contained in a plane and therefore induce subpolytopes in the subdivision which are not unimodular.
Cancellation in a + c.
We obtain val(a) = val(c) = val(a − c). So the vertices with numbers 0 5 7 9 form a polytope in the triangulation. However, this tetrahedron is too big, since the edge from vertex number 0 to 5 contains another lattice point in its interior.
Remark 3.6. In contrast to the octanomial model presented in [15] , the tropicalized Brundu-Logar normal form is not smooth. Additionally we will see that an analogous statement to [ 
Tropicalizing the 27 lines in the Brundu-Logar normal form
For a cubic f P in Brundu-Logar normal form, [3, Table 2 ] gives the Plücker-coordinates of the 27 lines in terms of (a, b, c, d, e, f), where e and f satisfy g = e + f, ac = ef. This offers a new perspective on working the problem of relative realizability: Tropicalizing the coordinates we can conclude which of the tropical lines in the tropicalized cubic surface in Brundu-Logar normal form are realizable. Further, for any cubic we can determine the transformation bringing it in normal form, apply its inverse to the 27 lines and obtain analogous information. Table 2 shows the tropicalized Plücker-coordinates. We can obtain the vertices of tropical lines from their Plücker-coordinates, [14, Example 4.3.19], [7] . For shorter notation, we write v q instead of val(q), q some term. As 23 of the tropicalized lines on a tropicalized surface in Brundu-Logar normal form contain at least one tropical Plücker-coordinate of value ∞, here is a short overview how to visualize these lines: with five Plücker-coordinates of value ∞ the tropical line is " an edge"of the tetrahedron T modelling the tropical projective space, Figure 4a of value ∞, at most 4 classical lines on S p can have tropicalizations fully visible on trop(S P ). In comparison, of the 27 lines on a cubic in octanomial form, only one classical line has finite tropical Plückercoordinates [15] .
For a given surface S P in Brundu-Logar normal form we can compute all completely visible tropical lines on trop(S P ) using the polymake extension a-tint by Simon Hampe [6, 11] and compare, which come from a classical line on S P . This is carried out for a sample cubic in Example 4.3. We obtain higher lifting multiplicities in this setting, than for the octanomial form [15] . Example 4.4 shows that for the Brundu-Logar normal form even isolated lines can have higher lifting multiplicities.
Examples

Relative Realizability
Example 4.1 (Lines of motif 3J). We investigate the cubic surface detected by Hampe and Joswig in [10] containing two families of motif 3I and one of motif 3J. We choose the weight vector ω, as below, which induces a surface containing no lines of non-general motifs and can therefore be considered as generic.
ω := (143, 0, 64, 122, 0, 2, 0, 15, 55, 107, 36, 23, 39, 16, 14, 48, 12, 12, 49, 95) .
Using the Magma script [17] by Emre Sertoz written for [15] we can compute the 27 lines on a simple lift of the tropical cubic over an p-adic field. A simple lift is a cubic where the coefficients c i are given as t ω i , where t is either a prime, if we are of the p-adics, or t ∈ C{{t}} over the Puiseux-series. The following table shows the tropicalized Plückercoordinates of the computed 27 lines for p = 2 matching those for p = 5. It also shows the Plücker-coordinates of the tropical lines contained in the tropical surface sorted into isolated lines and families as computed by the polymake extension a-tint, [9, 11] . 0 0 0 0 0 t 3J, t ≥ 0 12 + t 0 0 12 12 0 3I-2, t ≥ 0 12 + t 12 12 0 0 0 3I-2, t ≥ 0 Table 3 Investigating the dual subdivision of the surface, we see that the two families of motif 3I have type 3I-2. As proven in Theorem 2.6 and 2.7 no member of these families lifts. In particular, all the 27 lines on this simple lift tropicalize to non-degenerate lines. It is notable that all the 26 isolated lines are realizable on our chosen lift of the surface. Furthermore, for this example the statement from [15, Conjecture 4.1] holds, the tropicalizations of the 27 lines are distinct.
Notice that in this example the member for t = 2 of the family of mo-tif 3J lifts, supporting the idea that we have a different lifting behavior for families of motif 3J than for motif 3I, see Question 2.11.
Example 4.2 (Lines of type 3I-1 over char(k) = 2). Using the Magma script by Avinash Kulkarni [13] , we can calculate the Brundu-Logar normal form to any generic cubic over the p-adics and investigate the behavior of the tropical lines on both sides. We consider the tropical cubic surface given by the weight vector ν below. This cubic is of interest as it contains a family of type 3I-1. We investigate a simple lift S ν of this surface over Q 2 , giving an example corroborating Question 2.9. ν = (0, 12, 30, 0, 30, 12, 3, 145, 54, 10, 51, 0, 18, 123, 30, 0, 265, 150, 80, 21).
The tropicalized Brundu-Logar normal form, trop(S nf ν ), to this cubic contains 4 families, numbered F i , i = 0, ..., 3. We have the weight vector ν nf = (−10, −6, −6, −10, −10, −10, −8, −10, −10, −9). tropical Plücker-coordinates Computing the tropicalizations of the lines in the Brundu-Logar normal form S nf ν (right columns in Table 5 ) and their inverse images under the transformation leading to the normal form (left columns), we can investigate the lifting behaviour of the tropical lines on both surfaces.
Investigating the Plücker-coordinates of the tropicalized lines on trop(S nf ν ), Table 5 , we obtain two tropicalized lines of higher lifting multiplicity on trop(S nf ν ): a tropical half line of lifting multiplicity 3 and a middle line segment of infinite length of lifting multiplicity 4. The other 20 lines on S nf ν have distinct tropicalizations. Comparing Table 4 with the middle right column of Table 5 , we obtain that three inner members of the family F 0 lift, Of family F 1 one inner member lifts, while F 2 and F 3 do not lift at all. Additionally, F 0 approximates the tropicalized line of lifting multiplicity 3 for λ → ∞. Using polymake, we obtain, that the tropical cubic surface trop(S ν ) contains 26 isolated lines, all are non-degenerate and they all lift onto the chosen simple lift of the surface. Additionally, the surface contains two families, both of motif 3I. However, an investigation of the dual subdivision shows, that one family is of type 3I-1, while the other is of type 3I-2. As proven in Theorems 2.6 and 2.7 the family of type 3I-2 does not lift. Nevertheless, we are in the case that the characteristic of the residue field is equal to two, and we observe that for t = 1 a member of the family of type 3I-1 does lift in this setting.
Comparing these results with a simple lift over Q 3 , we obtain that in this case in accordance with Theorem 2.6 the non-degenerate lines of type 3I-1 do not lift. However, the degenerate line of type 3I-1 lifts, suggesting, Corollary 2.5 might hold in different characteristics, see Remark 2.8. The isolated lines have unchanged lifting behavior over p = 3. 
Lines on the tropicalized Brundu-Logar normal form
This choice satisfies ac = ef and σ(P) = 0, so P encodes the Brundu-Logar normal form of some smooth cubic surface. These parameters lead to the trivial subdivision of Newt(trop(S P )), the dual surface is shown in Figure 6a . In this case we identify the tropicalizations of all 27 lines. The tropical surface trop(S P ) contains no isolated lines and 7 families, whose tropical Plücker-coordinates are as follows with µ, λ ≥ 0: Table 6 The tropical Plücker-coordinates of the 27 lines are shown in Table 7 . We see that the 27 lines tropicalize to 14 distinct lines, of which only one has finite Plücker-coordinates. The maximal lifting multiplicity observed in this example is 4, see Table 7 .
By taking the limit of λ and/or µ → ∞ while fixing the other parameter accordingly, we can approximate some tropicalized lines as an infinite border point of some of the families, see last column of Table 7 .
The lines E 1 , G 4 , E 2 , which are completely in infinity, see Figure 4 , are no limit of any of the families. The tropical lines trop(F 15 ) = trop(F 16 ) and trop(F 25 ) = trop(F 26 ) have one finite vertex, the other one is in infinity, cf. Remark 3.7. So only a tropical half line is visible, see Figure 6b -6c. This also does not appear as a limit of the families in this case. Table 7 (a) Surface dual to the trivial subdivision. Note, that regarding a-tint, the computation of families should still be considered an experimental feature, as there might be redundancies.
Example 4.4. The concluding example is a subdivision relatively close to a unimodular triangulation, it contains only two polytopes of the too large volume 1 3 . We choose the parameters a = t 20 , b = 1+t−t 6 , c = −1− t + t 6 , d = −1 − t + t 6 + t 8 , g = −1 − t + t 6 + t 8 + t 15 , and obtain the weight vector w = (0, 8, 6, 15, 8, 20, 0, 20, 0, 0), which induces a subdivision with 8 maximal cells, see Figure 8a . The corresponding surface has 1 isolated line L iso and 2 families F 0 and F 1 , computed using a-tint in polymake: The primal motifs of the two families can be seen in Figure 7 . We obtain motifs, that are not in the classification of [16] , since our surface is not tropically smooth. Only the motif of the isolated line, motif 3A, is one that can occur on general smooth tropical cubics.
Computing the tropicalized lines with finite Plücker-coordinates using Table 2 , we obtain that trop(F 36 ) = trop(F 56 ) = L iso , while E 4 tropicalizes to an inner member of F 0 given by λ = 8 and F 35 tropicalizes to the degenerate representative of F 1 with λ = 0. In this case, we can not obtain any of the other 23 lines as limits λ → ∞ of the families. 
